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We present a theoretical relation between the classical scattering matrix (S-matrix) of a
spatially complex laser cavity and its quantum-limited linewidth1. This theory can account
for arbitrary cavity geometries, spatially non-uniform dielectric and gain distributions, and
spatial hole-burning due to above-threshold operation. In simple cavities, such as 1D Fabry
Pérot cavities, the Schawlow-Townes linewidth formula2 is reproduced, together with several
well-known corrections: (i) a linewidth-broadening factor due to incomplete inversion, (ii) the
Petermann factor3,4, which accounts for the broadening of the linewidth due to mode non-
orthogonality, and (iii) the “bad-cavity” factor5,6, a narrowing of the linewidth which occurs
as the gain width becomes small relative to the cavity finesse.
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FIG. 1: Generalized decay rates (cavity decay rate modified
by Petermann and bad-cavity effects) versus gain width, for
a partially-pumped non-uniform laser (inset) at threshold.
Two different gain centers are shown: (a) ωa = 100.3/L,
with negligible line-pulling and (b) ωa = 99.6/L, with strong
line-pulling. Blue circles: predictions of the S-matrix theory.
Red line: traditional predictions, treating the Petermann
factor7 and bad-cavity factor as independent.

For the simple case of a one-port 1D Fabry
Pérot cavity, the S-matrix theory gives a
novel geometric explanation for the Peter-
mann and bad-cavity factors. Each fac-
tor can be derived quantitatively from ge-
ometric relations between the S-matrix’s
poles and zeros in the complex frequency
plane. The bad-cavity factor, for instance,
arises from the fact that a finite gain width
medium shifts the zero frequencies upward
by less than the pole frequencies.

In previous theoretical treatments, the Pe-
termann and bad-cavity factors were treated
as independent quantities. Using the S-
matrix theory, we show that this indepen-
dence assumption can break down in com-
plex laser cavities when line-pulling is non-
negligible, as shown in Fig. 1. We have also
found similar deviations for lasers operat-
ing far above threshold, where spatial hole-
burning is strong. The S-matrix theory may
thus be useful for studying complex lasers
with narrow gain widths, such as superradi-
ant lasers8.
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