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Recent measurements have highlighted that the negative frequency (or complex conjugate) com-
ponents of the spectrum of a light pulse may play a non trivial role when the pulse has high inten-
sities [1–3]. This finding however does raise questions regarding the actual meaning and physical
interpretation of the complex conjugate spectral components that lie at negative frequencies. Such
questions are also related to the fact that we do not explicitly measure negative frequencies in the
lab, hence the impression that these terms that appear in the Fourier spectrum may not actually
have a physical reality.
The electromagnetic field is a real valued quantity. As such, it must oscillate, in equal mea-
sure, at both positive and negative frequencies: for example, keeping only the positive fre-
quency values will give us, after a Fourier transform, only the the pulse envelope and not the
full field. Further inspection of the Maxwell equations written in Lorentz-Heavisde coordinates,
∇×E = −(1/c)∂tB, ∇×B = (1/c)∂tE, shows that these may be recast in a form similar to the
time-dependent Schrödinger equation with a Hamiltonian satisfying a likewise similar eigenvalue
equation, Ĥψ = Eψ where Ĥ = kcσ̂ is a 2x2 matrix operator and ψ = (E,B). The eigenvalues
are E = ±kc = ±ω - this crucially underlines that the Maxwell equation solutions are combina-
tions of both positive and negative frequencies, i.e. positive and negative energy states. Both are
needed in order to construct the solutions. This is also reflected in the fact that there is a complete
formal identity between the Maxwell equations and the relativistic, massless, Dirac equation: we
must therefore identify the positive and negative frequencies with the positive and negative energy
solutions to the Dirac equation. Both of these solutions of course have a physical reality. A third
analogy may be drawn by recalling that the classical vector potential may be written as a sum of
two complex conjugate quantities with amplitudes A and A∗. After quantization, these map onto
the a and a† operators and it is only the combination of the two, a†a that will describe the total
photon number in our pulse, underlining once more that the measured observable is the result of
the coexistence of both positive and negative valued frequencies.
Naturally, all this would be trivial and of little consequence where it not for recent experimen-
tal evidence that the positive and negative energy states may play independent roles in resonant
nonlinear interactions. We will give an overview of these effects, drawing an analogy between re-
cent experiments involving water waves and optical soliton instabilities. We shall also show how
the experiments are supported by numerical simulations that clearly highlight the interplay in the
nonlinear regime between the negative and positive frequencies.
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