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Motivated by recent experimental results [1,2], I demonstrate that the ubiquitous pulse propagation equa-
tion based on a single generalized nonlinear Schrödinger equation (GNLSE) is incomplete and inadequate to
explain the formation of the so called negative-frequency resonant radiation emitted by optical solitons [3].
The origin of this deficiency is due to the absence of a peculiar nonlinear coupling between the positive and
negative frequency components of the pulse spectrum during propagation, a feature that the slowly-varying
envelope approximation (SVEA) is unable to capture. I therefore introduce a conceptually new model, based
on the envelope of the analytic signal, that takes into account the full spectral dynamics of all frequency com-
ponents, is prone to analytical treatment and retains the simulation efficiency of the nonlinear Schrödinger
equation.

In order to do this, based on previous works [4] I derive an equation that correctly describes the nonlinear
interaction between the positive and the negative frequency parts of the spectrum of optical pulses. The key
concept is that the envelope function is now defined in terms of the analytic signal of the electric field, there-
fore clearly dividing the dynamics of the negative and positive frequency parts of the spectrum, and avoiding
SVEA altogether, while still retaining an envelope formulation. The interaction between positive and nega-
tive frequencies is due to the presence of a cross-phase-modulation-like term in the nonlinear polarization,
the role of which is elucidated here for the first time. By using the new equation I analytically derive the
phase-matching conditions between a soliton and the positive- and negative-frequency resonant radiation
emitted by it. This theory opens up a new realm in nonlinear optics and in other areas that are described by
NLSE-like equations (for instance BEC, plasmas, etc.), since it proves that conventional treatments based
on GNLSE are deficient, due to the lack of the negative frequency terms. These interactions are of course
present in the unidirectional pulse propagation equation (UPPE, [5]) and in the nonlinear Maxwell equa-
tions, which are however much less transparent and less suitable for analytical treatment than the model
presented here. Exciting future perspectives are represented by the inclusion of the Raman nonlinearity,
which could provide additional unexplored non-linear effects that are not captured by conventional GNLSE
based on SVEA.
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