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The complexity of the structure of the Dirac equation, which is a system of four coupled differential
equations, renders it very difficult to study. The number of closed-form solutions is very limited due
to the intricate structure of Dirac matrices which couple the components of the four-spinor wave
function. For this reason, only highly symmetric systems can be studied by analytical means [1]; the
mathematical description of more realistic systems should be based on approximation methods such
as semi-classical theory [2] or numerical calculations [3–5]. However, the typical time scale of the
electron dynamics is usually much smaller than the time scales of interesting phenomena, rendering
the numerical solution notoriously difficult and requiring substantial computer resources [6]. Here, we
provide a very powerful method to arrive at the sought-after general analytical solutions to the Dirac
equation. For instance, we construct time-dependent electromagnetic fields that coherently steer the
electron’s four-spinor wave function to follow a given path. Moreover, we present new and nontrivial
analytical solutions to the Dirac equation that are unique to relativistic quantum systems. The newly
developed solutions are so complex to the point of being nearly impossible to get by the previous
approaches and unravel exciting new insights on the complex quantum dynamics of relativistic
electrons. Our method constitutes an important tool with very broad range of applications.

Considering that the Dirac equation is one of the fundamental building blocks of relativistic
quantum theory that describes the dynamics of charged particles with spin 1/2, classical relativistic
mechanics should emerge under typical macroscopic conditions by pursuing the limit ~ → 0. Since
the Dirac equation includes the spin, the corresponding classical limit must include both (i) the
classical relativistic Liouville equation for the trajectories and the (ii) a dynamical equation for the
spin degrees of freedom. In fact, this consistency check has been verified by many researchers. In
this work we take the equation of motion for the relativistic Wigner function as presented in [5] and
show that the limit ~ → 0 is well behaved as long as continuous filtering of antiparticles is applied.
As a result, we obtain a simple and compact equation of motion that describes the propagation of
classical particles including the spin degrees of freedom in a Spinorial Hilbert space.
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