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Parametric resonance phenomena are important in several areas of physics, from the design of para-
metric amplifier circuits to the recently introduced QASER of Svidzinsky, Yuan, and Scully.[1][2] A general
mathematical model for a single parametric oscillator is the Hill differential equation

φ̈+ [ω2
0 + Q(t)]φ = 0,

Q(t) a T-periodic function, which does not typically admit elementary solutions, even in the special case
where Q only includes 0th and 1st Fourier modes, alias the Mathieu equation. Floquet theory yields elegant
stability results for Hill’s equation, but the need to compute the monodromy (time-evolution) operator,
numerically or otherwise, remains.
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Single-oscillator Floquet solution.
The δ “kicks” appear as cusps.

Explicit analytic results are possible when Q is a periodic rectan-
gular or Dirac δ function. Mathematically this is the famous Kronig–
Penney model[3] of condensed-matter physics. However, we part ways
with Kronig and Penney by focusing on the unstable solutions—which
that model discards as band gaps—because they represent amplifica-
tion.

The QASER system of Svidzinsky et al. usefully extends Mathieu’s
equation to a pair of oscillators with periodically modulated coupling.
In our poster we show that, as with the single oscillator, replacing the
cosine modulation with a periodic δ function preserves the qualitative
behavior of the solutions while permitting closed-form expressions.
This approach yields insight into the difference-combination resonance
phenomenon that is essential to the QASER.
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Paired oscillator stability as a function of the
parameters α (coefficient of δ function) and ω0.
|coshµT| > 1 implies gain, just as for a single
oscillator. But so does Im coshµT , 0, appear-
ing as a gap in the plot near ω0 = 8, and the
hallmark of difference-combination resonance.


