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In 1972 Bekenstein proposed that a black hole has an entropy S proportional
to its surface (event horizon) area A with a finite constant of proportionality
that at that stage could not be precisely evaluated. In 1973 Bardeen, Carter,
and Hawking showed that black holes obey laws analogous to those of the 0th,
1st, 2nd, and 3rd laws of thermodynamics, with the surface gravity κ being
analogous to the temperature T . They argued that this was just an analogy,
since it was then believed that black holes had zero temperature, which would
make Bekenstein’s proposal inconsistent.

However, by an entirely different calculation, in 1974 Hawking showed that
stationary black holes do have a positive temperature T = h̄κ/(2πckB), which
for a Schwarzschild black hole (nonrotating and hence spherical by Israel’s
theorem) of mass M is h̄c3/(8πkBGM). This confirmed Bekenstein’s pro-
posal and fixed the unknown constant of proportionality so that the entropy is
S = (1/4)A(c3kB)/(h̄G), or S = A/4 in Planck units with h̄ = c = G = kB = 1.
For a Schwarzschild black hole, S = 4πkBGM

2/(h̄c).

This formula for the Bekenstein-Hawking entropy, henceforth SBH , which is
one-quarter the black hole area in Planck units, is actually the thermodynamic
entropy, which is believed to be the leading term (with much smaller quantum
corrections that are not well known) for the maximum von Neumann entropy
SvN = −trρ ln ρ of a black hole with density matrix ρ. A black hole formed by
stellar collapse and thereafter evaporating with negligible incoming radiation
would have initial von Neumann entropy SvN essentially zero in comparison
with the Bekenstein-Hawking entropy SBH . Then the von Neumann entropy
of the black hole would increase at the same rate as the von Neumann entropy
of the Hawking radiation (which for a nonrotating black hole emitting just
massless photons and gravitons numerically is 1.485 times the rate at which
the Bekenstein-Hawking entropy decreases). This increase of SvN would occur
until it reached very near its upper limit of the Bekenstein-Hawking entropy
SBH = A/4. After that time, as the black hole continues to evaporate, both its
von Neumann entropy and that of the Hawking radiation would decrease with
time as quantum correlations develop within the Hawking radiation, with the
von Neumann entropy of the radiation essentially going to zero when the black
hole evaporates away completely.
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