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The measurement of an object’s spatial configuration is important in many disci-
plines, from astronomy to engineering. We present the quantum optimal estimator
for the spatial configuration of a distant body based on the black body radiation
received in the far-field—this can be considered a form of reconstructive imaging.
In doing so we must deal with multi-parameter quantum estimation of incompati-
ble observables, a problem that is thus far not very well understood. We compare
our optimal observables to the two mode analogue of lensed imaging and find that
the latter is far from optimal, even when compared to measurements which are
separable. To prove the optimality of the estimators we show that they minimise
the cost function weighted by the quantum Fisher information—this is equivalent
to maximising the average fidelity between the actual state and the estimated one.

• Surprisingly, we find that randomly selecting a phase shift 
uniformly for each measurement performs close to 
optimal:
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Figure 6: The ratio of Vop(IQ) to VRP(IQ). The ran-
dom phase scheme is seen to be close to optimal un-
less A is close to one. For this figure we randomly
sampled 1000 phases Ï and determined the inverse
of the classical Fisher information for such a set of
measurements. Since the exact performance is af-
fected by the exact values of Ï we averaged each
point for over 400 trials to remove most of the sta-
tistical noise. The inset shows the performance over
the whole range, which shows that the performance
of the random phase scheme is independent of „.

make certain assumptions about the arrangement of
the source and its relation to the state fl. In the pa-
per we assumed that the transverse area of the source
is much less than one coherence area. We demon-
strated that this gave a bound on the frequencies we
can measure, 10≠14‹ π cot Ë, where Ë is the angu-
lar size of the source. We also found a linear rela-
tionship between the optimal pair of frequencies and
the temperature. Putting these results together al-
lows us to find the following bound cot Ë ∫ 10≠3T ,
which shows that the optimal frequencies for very hot
sources (≥ 105 ≠ 106K) should fall in the range of
acceptable frequencies for far-field objects.

Interestingly, we found that the estimation of gen-
eral spatial parameters requires that the states are
observed over at least two spatially separated modes.
The introduction of a second spatial mode introduces
a complex parameter which determines the coherence
between the spatial modes and can be identified as
the Fourier transform of the intensity distribution of
the source. We then identified the optimal separable
measurement for the resulting three parameter esti-
mation problem.

The optimal strategy depends upon the exact value
of the parameters we wish to estimate, and therefore
can only be implemented in an adaptive setting. How-
ever, we also identified another strategy, the random
phase scheme, which performs close to optimal for a
wide range of the parameters (see Fig. 6). The im-
plementation of the random phase scheme is indepen-
dent of the parameter values and therefore has the
advantage of not requiring an adaptive arrangement.

We can then suppose that an asymptotically optimal
scheme can be achieved by starting with the random
phase scheme, using this to find a reasonable estimate
of the parameters, and then implementing the opti-
mal scheme to further increase the precision of the
estimates.

We also considered the performance of the measure-
ment scheme consisting of simply a Fourier transform
and photon counting. This is actually a special case
of the measurement scheme in Fig. 4, with Ï fixed at a
constant value (namely zero). Our motivation is that
this scheme most closely resembles a typical imaging
scheme, with the role of the Fourier transform being
provided by a lens and photon counting provided by
a CCD or other photosensitive surface. We find that
this scheme performs poorly over the entire parameter
range.

Our results expose simple imaging schemes as far
from optimal, even in the simplistic two mode set-
tings. We have shown how spatial information is
conveyed to the far-field, and how we can optimally
extract this information for the simplest case of two
modes. We expect that this work will enable further
research into quantum optimal imaging and helps to
answer the two open questions: 1) What is the op-
timal measurement for measuring spatial features of
radiating sources? 2) How well do standard imaging
techniques compare to optimal schemes?
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A Symmetric Logarithmic Derivatives
of ÈnÍ, A, and „

Here we give the explicit forms of the variables Pj ,
Qj , and Rj , defined in Eq. (30), which determine the
SLDs for the three parameters ◊ = (ÈnÍ, A,„)T. They

9

Results: random phase shifts

Pearce, Campbell and Kok, Quantum 1, 21 (2017).Figure 1: The performance of the near-optimal practical estimation of the complex
degree of coherence V−1RP (IQ) compared to the optimal strategy V−1op (IQ). The
complex degree of coherence γ(r1, r2) = Aeiφ in the image plane at positions r1
and r2 is related to the source distribution via the van Cittert-Zernike theorem. Es-
timating the complex degree of coherence in the image plane with near optimality
then provides a near-optimal imaging procedure.


