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Exploiting the advantage of quantum entanglement, for tasks such as computation and 
metrology, requires producing high-dimensional quantum states, composed of many 
entangled sub-systems. In addition to the difficulty in producing large entangled states, 
they are typically very sensitive to noise. An alternative route to enhance the size of a 
system is through hyper-entanglement, that is, the entanglement in multiple degrees of 
freedom (DOF) of a composite quantum system. So far, hyper-entanglement has found 
limited use in quantum information protocols. 

Here we show that hyper-entanglement  can lead to increased quantum advantage in 
metrology, with contributions from the entanglement in each degree of freedom, allowing 
one to reach the ultimate quantum precision limits, for the paradigmatic case of an 
interaction between two degrees of freedom of the same system. Examples of this type of 
evolution include the interaction between spin and momentum in a Stern-Gerlach 
experiment, between internal and external DOF of trapped ions, or the polarization and 
spatial DOF of an optical field propagating through a birefringent medium. 

As an experimental validation of these ideas, we employ photon pairs entangled in 
polarization and spatial degrees of freedom to monitor a tiny rotation of a mirror.  
Heisenberg scaling and precision limits beyond the shot noise are reached through a 
simple binary polarization measurement by taking  advantage of both hyper-entanglement 
and beam displacement at the input port of the interferometer. The broad applicability of 
the dynamics considered here implies that similar strategies based on hyper-entanglement 
can offer improvement in a wide variety of metrological tasks in a number of physical 
systems.

Figure 1: Experimental probability p(2)(θ)  to project the two-photon polarization state at the output of the 
interferometer onto the input polarization state (red circles) and corresponding Fisher information F(2)(θ) 
(blue curve) as function of the tilt angle θ. Precision beyond shot-noise, given by the horizontal dashed line, 
is clearly displayed. 
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To exploit the full range of spatial entanglement, the entire
cross section of the two-photon must be detected. This re-
duces V , since the relative phase of the two-photon polar-
ization state varies along the transverse direction of the two-
photon beam [34]. The visibilities could be improved in future
experiments by using thinner non-linear crystals, narrower
spectral filters, and/or additional compensation crystals [37].
The independent-photon experiment leads to higher visibili-
ties. However, in order to have a direct comparison between
the two cases, in the independent-photon experiment we re-
duce the visibility by slightly misaligning the interferometer.
Comparison of plot 2 a) with b), and c) with d), clearly dis-
plays the quantum enhancement: the maximum Fisher infor-
mation corresponding to the photon pair is approximately four
times the corresponding one for single photons. This shows
that hyperentanglement leads to an increase in the precision
of estimation, as compared to the independent-photon situa-
tion. It is important to stress that the displacement d fulfills
an important role in increasing the Fisher information in both
cases.

To show that there is indeed an increased sensitivity due to
the correlations coming from spatial entanglement, we used a
spatial filter to alter the spatial correlation between the pho-
tons, in such a way that the widths of the marginal distribu-
tions were kept constant. FIG. 3 shows the resulting Fisher
informations for d = 0, when only the effect of the mo-
mentum shift is relevant. Let us quantify the spatial corre-
lation using a correlation coefficient C = Cov[x

1

, x
2

]/�2.
The blue solid curves correspond to high spatial correlation
C = 0.84± 0.14, while the orange dashed curves to the case
where C = 0.18± 0.10. The plots clearly display the contri-
bution from spatial entanglement to the Fisher information.

Even with a non-ideal visibility, V = 0.77 ± 0.01, it was
possible to achieve sub-shot noise precision, as displayed in
FIG. 4, where d = 5.97 ± 0.05 mm. The enhancement in
the Fisher information for d >> � is due primarily to po-
larization entanglement. The dashed line corresponds to the
quantum Fisher information in the shot noise limit. It repre-
sents the maximal information about ✓ that can be retrieved
by sending two independent photons into the interferometer,
in the ideal situation of V = 1. It is also important to note that
the additivity of the Fisher information implies that N/2 pho-
ton pairs in our scheme (N photons total) beat the shot-noise
limit for N independent photons, given by NF (1)

(✓).
We note from FIG. 2 and FIG. 4 that the sub-shot noise

regime is achieved only for larger values of d. Analyzing
Eq. (8) for d = 0 and d � �, we see that this is due to the
fact that the momentum shift contribution is much more sensi-
tive to the loss of visibility, as compared to the rotation due to
the path difference between the two polarization components.
This last contribution becomes more important as d increases,
thus mitigating the effect of visibility loss.

Summary and outlook. We have demonstrated that hyper-
entanglement can be an important and useful resource for
quantum metrology, allowing for the attainment of Heisen-
berg scaling and the sub-shot noise regime, even in the pres-
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FIG. 3: Experimentally determined Fisher Information F (2)(✓) as a
function of ✓ for the input state |�+i for different values of the initial
spatial correlation, and d = 0. The blue solid curve corresponds to
larger correlation C = 0.84 ± 0.14, while the orange dashed curve
corresponds to C = 0.18 ± 0.10 (see text).
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FIG. 4: Experimental probability p(2)(�+) (red circles) and corre-
sponding Fisher Information F2 (blue curve) as a function of ✓ for
d ⇡ 6mm. The red curve is a fit using Eq. (7) for ` = 2. From
the fit parameters the Fisher Information is plotted, using Eq. (2).
Precision beyond shot-noise, given by the horizontal dashed line, is
clearly displayed.

ence of experimental imperfections. Our method, when ap-
plied to optical interferometry, uses a displaced input beam to
greatly boost the precision in the estimation of the tilt angle
of a mirror. This allows for multiple degrees of freedom to
contribute, leading to increased sensitivity even for indepen-
dent photons, when compared to schemes employing colinear
Sagnac configurations. Furthermore, this displacement is es-
sential to exploit the quantum gain in sensitivity that results
from polarization entanglement.

The scheme presented in this paper is particularly sim-
ple and reliable, since it involves only a binary measure-
ment on a two-level system. The ideas developed here have
a broad range of applications, since the basic dynamics, in-
volving the bilinear coupling between continuous and discrete
bi-dimensional degrees of freedom, are common to many sys-
tems, such as Stern-Gerlach devices, optical birefringence and
trapped ions. Our results demonstrate yet another useful role
of hyperentanglement: it is a resource for increasing the pre-
cision of metrological tasks.


